PARTIAL DIFFERENTIAL EQUATIONS

XAVIER ROS OTON

5. NONLINEAR ELLIPTIC PDE AND THE CALCULUS OF VARIATIONS

(1) Prove Jensen’s inequality: if ¢ : R — R is smooth and convex, then for any f € C(Q)

we have
10) f d,U, 10} d/l,

provided that the measure u satisfies fQ dp=1.

(2 points)

(2) Prove that, in dimension 1, there is no function u € C?([—1,1]) that minimizes the
functional

1
/ 22 () Pdz

1
among all C? functions satisfying u(—1) = —1 and u(1) = 1.
(3 points)

(3) Let L(p,u,x) be smooth and uniformly convex in p, and let u € C%(Q2) be a minimizer of

/QL(Vu,u, x)

among all functions satisfying u = g on 0€).
Find the PDE satisfied by u inside 2.

(3 points)

(4) Let T' = {(z,y) € Q@ xR : y = u(x)} C R*! be a smooth hypersurface, given as the
graph of a function u € C*°(Q)). Prove that the mean curvature of I" at a point z € Q is
given by

H = di Vi
=dlv | —
V1+ |[Vul?
(3 points)

(5) Assume that u € C*°(Q) is a minimizer of the area functional

/ V14 |Vw|?dz,
Q
1



among all functions with fixed boundary conditions w = g on 02, and with fixed volume

/wzl.
)

Prove that the graph of u is a hypersurface of constant mean curvature.
Hint: The mean curvature is given by H := div(Vu/+/1 + |Vu|?)
(3 points)

Given ¢ € C>(Q), find a functional [, L(Vu, z) so that its corresponding Euler-Lagrange
equation is the PDE

—Au+Ve¢p-Vu=0 in Q.
Hint: Try functionals with an exponential term.
(3 points)

Let u € C*(Q) be a local minimizer of the functional

S(U):;/Q|Vu|2—/QF(u)

with fixed boundary condition u = g on 0f2, that is, there exists ¢ > 0 for which
Eu+&) =&E(u) Ve CF(Q) with [|g][Leq) < 0.

Compute a “second derivative” of the functional to deduce that
[vnk = [ Fanp tor every necx@)
Q Q

Note: This inequality is satisfied by local minimizers of the functional (and asymptoti-
cally stable solutions of the corresponding parabolic PDE). However, it does not hold in
general for all solutions of the corresponding PDE.

(4 points)

Given ¢ € C°(Q), prove that there exists a function w that minimizes the Dirichlet
integral among all functions w € H} () satisfying w > ¢ in Q.

(3 points)
Let n > 3. Prove that u(x) = log ﬁ belongs to H'(B;) and is a solution of

—Au = kpe“ in B
u = 0 on 0B,
for some constant k,, > 0.

This shows that solutions to nonlinear PDE can be singular, i.e., with u — oo at an
interior point.

(2 points)



(10) Find a positive solution of
n+2
—Au=un2 in B
of the form u(x) = a/(1 — |z|?)? for positive constants a, 3.
This shows that solutions to nonlinear PDE can be smooth inside a domain and yet
become infinity everywhere on its boundary.

(2 points)
(11) Let u € C?(2) be a minimizer of the functional
E(w) = / %|Vw|2
Q
over all functions satisfying
G(w)dx = 1.
Q
Show that u solves
—Au = Ag(u) in Q
u = 0 on Of)
for some constant A\, where G’ = g.
(3 points)

(12) Prove that for any o € (0,1) there exists a minimizer u € H}(Q2) of the functional

£(w) = /Q L Vwl?

over all functions w € Hg(Q) satisfying

/ jw|*Tdx = 1.
Q

(3 points)
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